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Abstract

lon optics of multiturn time-of-flight mass spectrometer that satisfy both perfect space and time focusing were investigated
The basic concepts of perfect focusing are explained. It was found that the perfect focusing conditions can be reduced
introducing symmetrical geometries. The conditions are expressed in the transfer matrix form. (Int J Mass Spectrom 197 (200
179-189) © 2000 Elsevier Science B.V.
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1. Introduction multiturn ion optical geometries were introduced [3,6],
but they did not satisfy the perfect focusing condition.
Since time-of-flight mass spectrometry (TOF/MS)  Therefore ion beam divergence and mass resolution
was introduced in the 1950s, TOF/MS has grown as a gecrease with an increasing number of turns around
useful mass analytical method in various fields. The pe system. To avoid this problem, the ion optical
TOF mass spectrometer has become an especiallysystems should satisfy the perfect focusing condition.
powerful and attractive instrument after the introduc- We have already found the ion optical systems,
tion of laser ionization and very fast electronics. which satisfy the perfect focusing condition and one
A major limitation of TOF/MS has been its rela-  of these proposed TOF systems have been constructed
tively poor mass resolution. In order to improve the [7] n this article, we discuss the general principle of

were successfully introduced. (1) In order to minimize - yyjtiturn TOF mass spectrometer.

the effects of spacial and velocity dispersion on time
resolution, two-stage acceleration, time-lag focusing
[1], and orthogonal acceleration [2] methods were 2. Principle of perfect space and time focusing
develpped. (2) In order to s_,at|sfy energy focusing, 2.1. Transfer matrix method to express the ion
electric sectors [3,4] or electric mirrors [5] have been

trajectori
used. (3) In order to employ a long flight length, rajectories

Generally, there are two methods to calculate the

* Corresponding author. E-mail: ishihara@phys.wani.osaka- ion trajectories in electromagnetic fields, namely: (1)
u.ac.jp the transfer matrix method and (2) the ray tracing
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method. In this article the transfer matrix method is wherem, U, ande are, respectively, the mass, energy,
used and the definition of notation is described in our and charge of an arbitrary ion amd,, U,, e, are
previous article [4]. those of a reference ion. In order to describe flight
The geometrical trajectory of an arbitrary particle time, the concept of the path length deviatibris
can be expressed by an ion optical position vector ( added to the original ion optical position vector. The
a, Y, B, v, 0). Herex, y, anda, B denote the lateral  new position vector X, «, y, B, v, 8, |) at an
and angular deviations of the ion under consideration grpjtrary profile plane can be related to the initial
from a reference ion at the object. The mass and position vector &, o, Yo Bo, ¥, S, lo) in a first

energy deviationsy and$, are defined as: order approximation by a transfer matrix in the

me= (myey))(1+v), Ule=(Uye)l+95 (1) following way:

X AXx) A(xle) 0 0  A(xly) AX[8) 0%
o Alalx) A(a|a) 0 0 Alaly) A(ald) 0 ||ag
y 0 0 Alyly A(ylp) 0 0 01|y
Bl=| o 0 Al A@BIB) 0 0 0 |Bo ()
Y 0 0 0 0 1 0 01| v
1) 0 0 0 0 0 1 0| d
| Allx)  Adla) 0 0 Ally)  AU[8) 1] \lg
If the system consists of several ion optical com- +1 0 0 0 0 00
ponents such as electric sectors, quadrupole lenses, 0 t_l 0O O 0 _0 0
drift spaces, then the overall transfer matRxan be 0 0 +1 0 0 0 0
simp_ly obtaihed_ py multiplying only the transfer R=| o 0 0 =+1 0 0 0 (4)
matrix of the individual elements as 0 0 0 0 1 0 0
R=AXA,_1 X - - XAXA (3) 0o 0 0 oO 0 10
0O 0 0 0 Riy 01

Focusing conditions of a whole system will be dis-
cussed using the above overall transfer matrix ele- It should be noted here that the charactgzéro
mentsR(ilj). with underline) means the matrix element which
In the present works, only electric sectors or electric should be forced to be zero, while 0 (zero without
guadrupole lenses are used. In this case, the conditionaunderline) always means zero from the definition.
R(x|y) = 0 andR(«|y) = 0 are always fulfilled. Angular focusing R(x|a) = 0], energy focusing
[R(x|8) = 0], and the conditiorR(x|x) = =1 for
2.2. Ideal perfect space and time focusing condition &teral magnification are required to conserve the
absolute value of the lateral deviatiofx|(= [X|) in
In the present article, we are looking for the ideal the horizontal direction. In the same way, angular
ion optical systems for a multiturn TOF/MS where focusing R(y|8) = 0] and the conditiorR(yly) =
ions should return to the point of origin in the system; *1 for lateral magnification are required to conserve
in other words, the absolute value of the position and the absolute value of the lateral deviatidy| (= |yo|)
angle at the detector plane should be the same of thosdn the vertical direction. MoreoverR(a|x) =
at initial values in both the horizontal and vertical R(«|8) = 0 andR(«a|a) = *1 are required to con-
planes. Such conditions can be expressed using theserve the absolute value of the angle| & |ag)) in
transfer matrix as the horizontal direction andR(Bly) = 0 and
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R(B|B) = *1 are required to conserve the absolute under few conditions. In this article, we will treat only

value of the anglelg| = |Bo|) in the vertical direction.
In the case of TOF/MS, triple time focusifR(l|x) =
R(lla) = R(I|8) = 0 is also required. Accordingly,
we require the “ninefold focusing,” i.e. the nine 0

elements should be zero to satisfy the perfect space

and time focusing. The final goal is to find the ion

symmetrical systems consisting of electric fields.

2.3.1. Symmetrical system consisting of two units
Generally, a symmetrical system consists of two
basic units (elements). A system consisting of four

optical systems whose overall transfer matrix be- elements, for example, can be understood as a doubly
comes as above. Here, we named the system whosesymmetric system of two units. Therefore, it may be

magnification is ¢1) as normal image type\(type)
and the 1) system as inverse image typetype).

In our experience, it is easy to find the solution of
R(x|x) = =1 andR(x|a) = 0; however, it is very
difficult to satisfy these parameters wit{a|x) = 0
simultaneously. In order to overcome this difficulty,
symmetrical geometries were introduced. We will ex-
plain the detailed process of how to find such solutions.

2.3. The transfer matrices of symmetrical geometry
systems

The symmetrical arrangement is indispensable be-

cause the multiple focusing can be easily satisfied

AXX) Alala) + A(Xla) Alalx) 2A(X|a) Alafa) 0

worthwhile to explain more details about the charac-
teristics of a symmetrical arrangement consisting of
two units.
Here we define the matri& as a basic unit which
is usually obtained by the multiplication of the matri-
ces of drift spaces, electric sectors, or electric quadru-
pole lenses. We can derive the point-symmetric ma-
trix A* of A and the plane-symmetric matrX™ from
the matrixA based on the concept of inverse matrix.
They are given in explicit form in the Appendix of [4].
The total transfer matrix of a point symmetric
system,A* A and that of a plane symmetric system,
A™A, can be obtained as

0

0 2A(X[8) Alof) 0
2A(XX) Aalx) AXX) Ale]a) + A(X|a) Alalx) 0 0 0 2A(X8) Ala|x) 0
0 0 AYWABIB) + A(YIBIABLY) 2A(IB)ABIR) 0 0 0
AA= 0 0 2A(yly) ABlY) ALY ABIB) + AYIBIABlY) 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
—4A(XI5) Alafx) —4A(X|8) Alale) 0 0 2A(1[y)2A(18) — 4A(X8) A(c|d) 1
[AAIR) [A*AL() 0 0 [AAIKy)  [AAIHS) O
[A*Alap)  [A*Al(al) 0 0 [AAldy)  [AAld) 0
0 0 [AAlYly)  [AAI(YB) 0 0 0
= 0 0 ARy TAAIEB) 0 0 0 (5)
0 0 0 0 1 0 0
0 0 0 0 0 1 0
[A*ALIx) [A* ALl 0 0 [A<ALlly) [AAlllS) 1
A Alafa) + A(X|a) Alafx) 2A(Xe) Ala]) 0 0 0 2A(X|a) Alct|8) 0
2A(XX) AlaX) AXX) Ale]a) + A(Xa) Ala]X) 0 0 0 2A(XX) A(e|8) 0
0 0 A ABIB) + A(YIB)ABIB) 2A(YIBABIB) 0 0 0
AA= 0 0 2A(yly) ABlY) AYY)ABIB) + A(YIBYABIB) 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1 0
AA(XX) Aa]3) AA(X|c) Ale8) 0 0 2A(1[1)2A([3) + 4AXB) Aleld) 1
[A"AI0) [A"AT(X) 0 0 [AAIY)  [AAINS 0
[A Al [A Allale) 0 0 [AAllaly)  [AAlfd) O
0 0 [AAIYY)  [AAIYB) 0 0 0
- 0 o AEy @mAEm o o o (6)
0 0 0 0 1 0 0
0 0 0 0 0 1 0
[AAIIN A Allle) 0 0 [A Ay [AAS 1
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where the following relationship [8] between the
matrix elements of space and time terms are effec-
tively used to simplify the matrix elements

A]x) = 2[A(X[x) A(e|8) — A(x]3) A(a|x)]
Allle) = 2[A(X| ) Ala[8) — A(X|) Ala|a)]  (7)

In addition, the conservation of phase-space volume
A(X|x) Ala|a) — A(X|a) A(alx) = 1
A(YlY)A(BIB) — A(YIB)A(BlY) = 1

are also effectively used.

(8)

2.3.2. The perfect space focusing condition

One can easily find from Eqgs. (5), (6) that the
perfect space focusing conditions in the horizontal
plane are expressed as

[A*Al(X@) = [A"Al(X|@) = 2A(X|@) Alala) = 0
[A*A](alx) = [A"A](alx) = 2A(X[x)A(a|x) = 0
[A*A](x]8) = 2A(x|8) A(afa) = 0 03)
[A*Al(a]8) = 2A(X[8) Alalx) = 0

[AA](X8) = 2A(X|a) Alal8) = 0

[A~Al(al8) = 2A(x|x) A(ald) = 0

In the vertical direction, a similar consideration
should be satisfied independently

[A*A](yIB) = [A"Al(yIB) = 2A(YIB) A(BIB) = O

[A*A](Bly) = [A~Al(Bly) = 2A(yly) A(Bly) = 0
(9b)

Accordingly, the four cases in Table 1(a) are the
only solutions to fulfill the perfect focusing conditions

M. Ishihara et al./International Journal of Mass Spectrometry 197 (2000) 179-189

Table la
Four types of solution for the perfect space focusing conditions
in horizontal plane

Type Required conditions Characteristics

Point symmetry

PXL  A(XX) =0, A(ala) =0, A"OA
A(x|8) = 0 | type ’
PX2  A(|a) = 0,A(elx) =0, A*@A _J
A(X|8) =0 N type ’
Plane symmetry
LX1 AXX) =0,A@la) =0, A OA
A(a|8) =0 I type
LX2 A(Xa) = 0,A(elx) =0, A @A
A(a|8) =0 N type
Table 1b

Two types of solution for the perfect focusing conditions in
vertical plane. The symbol s means the symmetries, “*” of “

Type Required conditions Characteristics
Yl A(yly) = 0, A(B|B) = 0 ASOA | type
Y2 A(ylB) = 0, A(Bly) = 0 A*® A Ntype

correspond to the focusing status at the intermediate
point, namely, whether ion beams are focussed
[A(x|a) = 0] or parallel A(a|a) = 0]. We express
these differences by using the symbael’ for focus-

ing and ‘©” for parallel at the intermediate point. For
example, the type of “point symmetry system with
intermediate image” can be expresseddas® A and

the type of “plane symmetry system without interme-
diate image” where the ion beams are parallel at the
intermediate point can be expressedAaso A.

Similar requirements should be satisfied in the
vertical direction as shown in Table 1(b). Since there
is no energy dispersion in the vertical direction, the
required conditions of a point symmetric system are

for the symmetric system. One can understand that identical to those of a plane symmetric system.

there are two case#i(x|/a) = 0 or A(a]a) = 0 to
satisfy Eq. (9al). In the cag?®(x|a) = 0, A(X|X) is
not zero; otherwise Eq. (8) is not satisfied. As a conse-
quenceA(a|a) should be zero to satisfy Eq. (9a2). In
the same manner, #\(a|a) = 0 in Eq. (9al), then
A(X|x) should be zero.

It can be understood that these types of solutions

Now, the question becomes how to find the system
which satisfies the condition given in Table 1. To our
knowledge, it is very difficult to find the case of
normal image K type): A(x|a) = A(a|x) = 0. On
the other hand, we can easily find the solution of the
case of inverse imagé fype):A(x|x) = A(ala) = 0
by adding to the drift space before and after an
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arbitrary element and choosing a suitable length for each drift space. These processes can be easily understoo
the following transfer matrix multiplication:

1 L, O B(x|x) B(xla) B(x|d) 1L, 0
A= 0 1 O ][ B(a|x) B(ala) B(«ld) [ 0 1 0 ]
L 0 0 1 0 0 1 0O 0 1
[ B(X|X) + B(a|x)L, B(x|x)L; + B(X|a) + [B(a|x)L; + B(a|a)]L, B(x|8) + B(«a|d)L,
= B(a|x) B(a|x) L, + B(a|a) B(a|8) (10)
0 0 1

Here, the matrixB is the transfer matrix of an ric system, the time focusing condition is expressed as

arbitrary element. Then, by choosing the length of follows from Egs. (6):

drift spaces asL; = —B(«a|a)/B(a|x) and L, =

—B(x|x)/B(a|x), the conditionA(x|x) = A(a|a) =

0 can be satisfied. In contrast(a|x) = B(a|x) is [A~A](]a) = 4A(X|a) Alal8) = 0

independent ok, andL,. Therefore, it is difficult to

satisfy A(a|x) = 0. [A"A](1]8) = 2A(1|8) + 4A(X|8) A(«a|8) = 0
However, it is not necessary to pursue the solution (11b)

A(x|x) = A(ala) = 0, following the manner de-  Similarly, becausé\(x|x) = A(x|e) = O is not per-

scribed above. It becomes clear that we can find a mitted, the requirements for the matéxof the basic

reasonable solution for even a system of the fixed drift ynits areA(a|8) = A(I|8) = 0 for a point symmetric

length by choosing suitable parameters for quadruple system to satisfy the time focusing condition of Egs.
lenses or electric sector fields. (11b).

[ATA](I]x) = 4A(x|x) A(a|8) = 0

2.3.4. The final form of requirements on matrix A to

2.3.3. The perfect time focusing condition satisfy the perfect focusing

In an ideal TOF/MS, all ions of the same mass In the horizontal direction, the final requirements
which leave the ion source slit under different initial for the matrixA of the basic unit can be summarized
conditions (position, angle, and energy) arrive at the in Table 2. In the vertical direction, there is no time
detector profile plane simultaneously. Such a time term in first order approximation. Therefore the final
focusing condition is expressed from Egs. (5) for a requirements are the same as in Table 1(b).
point symmetric systemA* A as follows:

[A*AL(I[%) = —4A(X|8) Alalx) = 0 2.4. The multiturn condition

[A*A](l|a) = —4A(X|8) A(a]a) = 0 In Sec. 2.3.4, perfect focusing conditions are de-
rived. In addition to these, we discuss the geometrical
[A*A](1]8) = 2A(1|8) — 4A(X[8) A(a[8) = 0 (11a) conditions for multiturn systems, namely the criterion

necessary to close the ion optical orbit. These condi-
Since the conditionA(a|x) = A(alja) = 0 is not tions can be expressed as follows.

permitted from Eq. (8), the requirements for the

matrix A of the basic units ar&(x|8) = A(I|8) = 0 2.4.1. Superposition of detector slit and source slit
for a point symmetric system to satisfy the time The coordinate of the exit positiorxg, y4) should
focusing condition of Egs. (11a). For a plane symmet- coincide with that of the entrance positiory(y,). In
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Table 2 @ (©)
The perfect focusing conditions of symmetric system consisting
of two units in the horizontal direction /@\@N v
Type Required conditions Characteristics
Point symmetry (c) (d)
PX1 A(x|x) = 0, A(a]a) = 0, A*OA
A(x|8) = 0, A(I|8) = 0 | type
PX2 A(x|a) = 0, A(a|x) = 0, A* @A
A(x|8) = 0, A(l|8) =0 N type
Plane symmetry
LX1 A(X|X) = 0, A(a|a) = 0, A"OA Fig. 1. Four geometrical patterns of symmetric systems consisting
A(a|8) = 0, A(I|8) = 0 | type of four electric sectors.
LX2 A(x|a) = 0, A(alx) = 0, AT@®A
A(a|8) = 0, A(l|8) = 0 N type

combined in such way that two units are multiplied by
principle, the coordinate x;, y4) can be simply  two units. The purposes are: (1) to find a perfect
calculated after giving the physical parameters of focusing geometry consisting of four units, (2) to find
individual optical elements, such as drift length, a perfectfocusing geometry inthe vertical direction as
radius, deflection angle of electrode, etc. It may be well, and (3) to simplify achievement of a closed
easier to introduce a more simple constraint depend- trajectory. Generally, there are four types of combi-
ing on the ion optical configuration such as an oval nations as:

type or a figure-eight type, etc. ) _ . .
() point symmetric system of point symmetric

system: @*A)*( A*A);

(b) plane symmetric system of point symmetric
system: A*A) (A*A);

(c) point symmetric system of plane symmetric
system: A~ A)*( A~ A); and

2.4.2. Sum of deflection angle rule

In order to connect smoothly to the second turn, the
directions of the main optical axis at the entrance and
the exit position should coincide with each other. The
angle between the direction of the main optical axis at
the entrance and exit positions can be expressed as a (d) plane symmetric system of plane symmetric
function of only the deflection angles of sectors. system: A" A) (A A).
Consequently, the additional condition to close the 114 geometries of each of these combinations are
orbit can be given explicitly as shown in Fig. 1. In the following sections, we will
discuss the perfect focusing conditions of each
system.

W, +W,+ ... +W,=2nm(n=0,1,2,...)

(12)

whereW; is the deflection angle of the sector and it
should be a negative value when the deflection of the

sector is reversed. Table 3

The perfect focusing conditions oA¢ A)*( A* A) geometry in
the horizontal direction

2.5. The double symmetric systems consisting of

four units

We have not yet found any symmetric systems px»

Type Required conditions

Characteristics

AX1 A(x|x) = 0, A(a|a) = 0,
A(l]8) — 2A(x|8)A(a|8) = 0

A(x|a) = 0, A(a|x) = 0,

(A* OA)* @ (A* O A
N type
(A* @A) @®(A* @A)

consisting of two basic units which satisfy the perfect A(x|8) = 0, A(I|8) = 0 N type
focus up to the present. In the next step, we introduce AX3  2AKX\)A(ala) — 1 =0, (A*A)* O (A*A)
A(x|8) = 0, A(l|8) =0 | type

“doubly symmetric geometry,” namely four units are




M. Ishihara et al./International Journal of Mass Spectrometry 197 (2000) 179-189 185

2.5.1. Point symmetry of point symmetric system: (A*A)*(A*A)

The overall transfer matrix can be expressed by the elements of the transfer Anéfirst one fourth) as:

(AA(AA)

BAROAK) AlapAl) + 1 4Ajo) Alafe) ALK Alede) — 1) 0 0 0 (X8) Alafa) AN Alada) — 1) 0

AAO) AlaP)(2AX) Alafa) — 1) 8A(X) A(Xer) Al Alefe) + 1 0 0 0 (XX AXB) AlaX) Alalar) 0

0 0 (YY) AYIBI ABIY) ABIB) + 1 AR ABIBIAY ABIB) — 1) 0 0 0

= 0 0 (YY) ABYI2AY) ABIB) — 1) BA(YY) AYIB ABY) ABIB) + 1 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

—1EAX) AX8) Alafx) Alae) —8A(X8) Aled) 2AX{X) Alefe) — 1) 0 0 Ally)  4A018) — BAXO)(Aafd) + 2AXS) Al Alafe) 1
(13)

The perfect focusing conditions are

[(A*A)* (A*A)](X|x) = BA(X|X) A(X|a) A(a|X) Ala|a) + 1= *1
[(A*A)* (A* A)](X|e) = 4A(X|a) A(af@) (2A(X[x) Alala) — 1) = 0
[(A*A)* (A* A)](x|8) = 4A(X|8) Alala) (2A(X[x) Alaa) — 1) = 0
[(A*AY* (A* A)](alx) = 4A(X|X) A(alx)(2A(X[X) A(e|a) — 1) =0

[(A*A)* (A*A)](af ) = BA(X|X) A(x|a) Alalx) A(a|a) + 1 = *1

[(A*A)* (A*A)](]8) = BA(xX|x) A(x|8) Ala|x) Aer|a) = O

[(A*A)* (A*A)T(yly) = 8A(YlY) A(YIB) A(BlY) ABIB) + 1= =1 (14)
[(A*A)* (A*A)I(y|B) = 4A(YIB) A(BIB)(2A(Yly) A(BIB) — 1) = 0

[(A*A)* (A*A)](BlY) = 4A(YlY) A(BlY) (2A(Yly) A(BIB) — 1) = 0

[(A*A)* (A*A)I(BIB) = 8A(YlY) Aly|B)ABlY) A(BIB) + 1= =1

[(A*A)* (A*A)](I|x) = —16A(X|x) A(x|8) A(a|x) A(a|a) = 0

[(A*A)* (A*A)](I]a) = —8A(X8) A(a|a) (2A(X[x) Alale) — 1) = 0

[(A*A)* (A*A)](1]8) = 4A(1|8) — BA(x|8)(A(a[8) + 2A(X|8) Ala|x) Alala)) = 0

The final required conditions in the horizontal AX3 only appears in the doubly symmetric geometry.
direction are classified in three cases expressed inlon beams are parallel at the point after two basic
Table 3. The type of AX1 is similar to the system units, while they are not parallel nor focussed after the
connecting the type of PX1 in Table 2 with the point first units. The number of required conditions can be
symmetric system of PX1. However the number of reduced from four to three.
required conditions to satisfy perfect focusing can be  Inthe same manner, the final required conditions in
reduced from four to three. The type of AX2 is the vertical direction are classified in three cases
nothing but the system connecting the type of PX2 expressed in Table 4. In the vertical direction, as the
with the point symmetric system of PX2. The type of symmetric system consisting of two units, there is no
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difference between the point or plane symmetry. Table 4

. . . Th fect fi i diti f th tri t
Therefore, the same conditions are also required in the | ¢ _Pe'e¢ 10CUSING concrions of the symmetric system
consisting of four units in the vertical direction. The symbol

following three symmetric systems. means the symmetries “*” or-"
Type Required conditions Characteristics
2.5.2. Plane symmetry of point symmetric system:  Qv1 Ayly) = 0, A(B|B) = 0 (ASO A)° @ (ASO A)
(A*A)"(A*A) N type
. . . Qv2 A(ylB) = 0, A(Bly) = 0 AOA)° @ (A°®A)
The overall transfer matrix of this arrangement is N type
given in the following: QY3 2A(YIY)ABIB) —1=0 (A°A)° O (A°A)
| type
(AA(AA) =
8AXX) A(X|er) AlfX) Alarle) + 1 AA(X| ) Al ) RAXX) Alafar) — 1) 0 0 0 B\(Xer) AXS) Alafx) Alcr]r) 0
AAM) Al (A Alel) — 1) 8A(XX) AXcr) Ala) Alafe) + 1 0 0 0 A(X8) Al 2A(XX) Alala) — 1) 0
0 0 SO AYBABYABE +1 4B ABBIRAYY ABIB) — 1) 0 0 0
0 0 AA(Yly) ABY)A(YY) ABIB) — 1) BA(YY) AYIB ABY) ABIB) + 1) 0 0 Y
0 0 0 0 1 0 0
0 0 0 0 0 1 0
8A(X8) AlafX)(2A(XX) Alafa) — 1) 16A(xc) AX8) AlafX) Alaf) 0 0 Ally)  4A18) — BAXO)(Aald) — 2A48) Al Alafa) L
(15)
The perfect focusing conditions are
[(A*A) " (A*A)](x|x) = 8A(X|x) A(X|a) Ala|x) A(a|a) + 1= *1
[(A*A) " (A*A)](x|e) = 4A(x|) A(a]a) (A(X|x) A(ala) — 1) = 0
[(A*A)"(A*A)](X|8) = BA(X|a) A(X[8) A(alx) Alala) = 0
[(A*A)"(A*A)](alx) = 4A(X[8) Alalx)(2A(X|X) A(ala) — 1) =0
[(A*A) " (A*A)](a|a) = 8A(X|x) A(X|a) A(a|x) Ala|a) + 1= =1
[(A*A)~(A*A)](a]8) = 4A(X[8) Alalx)(2A(XX) Ala|a) — 1) = 0
[(A*A)~(A*A)](yly) = 8A(YlY) AlyIB)A(BlY) A(BIB) + 1= =1 (16)

[(A*A)"(A*A)](Y|B) = 4A(Y|B) A(BIB)(2A(Yly) A(BIB) — 1) =0
[(A*A)"(A*A)(Bly) = 4A(Yly) A(Bly) (2A(yly) A(BIB) — 1) = 0
[(A*A)"(A*A)](BIB) = 8A(Yly) AlyIB) A(BlY)A(BIB) + 1= =1
[(A*A)~(A*A)](I]x) = BA(X|8) Aalx) (2A(X/X) Alala) — 1) = 0
[(A*A)~(A*A)(l) = 16A(X]8) A(a]a)(A(Xx) A(aa) — 1) = 0

[(A*A) " (A*A)](I[8) = 4A(1|8) — BA(X[8)(A(al8) — 2A(X|8) Alalx) Alala)) = 0
The final required conditions in horizontal directions are classified in three cases expressed in Table 5. The tyf
of BX1 is nothing but the system connecting the type of PX1 in Table 2 with the point symmetric
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Table 5 system of PX2. However, the number of required con-
The perfect focusing conditions o A)~(A*A) geometry in ditions to satisfy perfect focusing can be reduced from
the horizontal direction .

four to three. The type of BX3 only appears in the

Type Required conditions Characteristics doubly symmetric geometry. lon beams are parallel at
BX1 A(X|x) = 0, A(a|a) = 0, (A* OA)” @ (A* O A) the point after two basic units. The number of re-
a0 ’;EX}‘S)) = %' //:((”(\3))2 00 '(\‘AtygeA)f o(r on quired conditions can be reduced from four to three.
X|a) = 0, X) =0, * * . . .. . . . .
Al ;‘) ~ 2K ;) A(a5) =0 N type The final required conditions in the vertical directions
BX3 2A(X|x)A(ala) — 1 =0, (A*A)~ O (A*A) are also classified in three cases expressed in Table 4.
A(x|8) = 0, A(l]8) = 0 | type

2.5.3. Point symmetry of plane symmetric system:
(A"A(A"A)
system of PX1. The type of BX2 is similar to the system The overall transfer matrix of this arrangement is
connecting the type of PX2 with the plane symmetric given in the following:

(AA*AA
BAX) AXe) Ala) Alale) + 1 AA(Xa) Ale]o) A Ale) — 1) 0 0 0 (X)) AlalB)(2A(XX) Aladar) — 1) 0
AAM) AlaX) A Alala) — 1) BA(X) A(Xer) Ala) Alefe) + 1 0 0 0 AN AX) Alafx) Alefd) 0
0 0 (YY) AYIBI ABIY) ABIB) + 1 AR ABIBIAYY) ABIB) — 1) 0 0 0
= 0 0 YY) ABYIRAY) ABIB) — 1) BA(YY) AYIB ABY ABIB) + 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
—16A(XX) A(Xa) AlafX) Aleld) —8A(Xa) Alal8) 2AXX) Alala) — 1) 0 0 Ally)  4AU|8) + BAB)(AXD) — 2AN AN A@ls) 1

The perfect focusing conditions are
[(A*A)* (A*A)](X|x) = BA(X|X) A(X|a) A(a|X) Ala|a) + 1= =1

[(A*A* (A*A)](X|a) = 4A(X|@) Ala]a) (2A(X[X) A(aa) — 1) = 0
[(A* A (A*A)](X8) = 4A(X|a) A(a|8) (2A(XX) Alala) — 1) = 0
[(A* A (A*A)](alx) = 4A(XX) A(a|X)(2A(X|X) Alala) — 1) = 0
[(A*A)* (A*A)](a] ) = BA(X|X) A(X|a) AlalX) A(aa) + 1= =1
[(A*A)* (A*A)](a]8) = BA(XX) A(X|a) Alalx) Aal3) = 0

[(A*A)* (A*A)I(yly) = 8A(Yly) A(YIB) A(BlY) ABIB) + 1= %1 (18)
[(A*A)* (A*A)](yIB) = 4A(YIB) A(BIB)(2A(Yly) A(BIB) —1) = 0
[(A*A*(A*A)](Bly) = 4A(yly) A(Bly) (2A(yly) A(BIB) — 1) = 0
[(A*A)*(A*A)](B|B) = 8A(Yly) A(YIB) A(BlY) ABIB) + 1= =1
[(A*A* (A*A)(1]X) = —16A(X|x) A(x|a) Aalx) A(a|8) = 0
[(A*A)* (A*A)](I]a) = —8A(x|er) A(e| ) (2A(X[X) A(atla) — 1) = 0

[(A*A)* (A*A)](1|8) = 4A(1]|8) + 8A(a|8)(A(X|8) — 2A(X|X) A(x|a) A(a|8)) =0
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Table 6 to the system connecting the type of LX2 with the

The perfect focusing conditions oA(" A)*( A~ A) geometry in plane symmetric system of LX2. However, the num-

the horizontal direction . i ; ' .
ber of required conditions to satisfy perfect focusing

Type Required conditions Characteristics can be reduced from four to three. The type of CX3
CX1 A(Xx) =0, Ala|a) = 0, A~ OA*@® (A OA) only appears in the doubly symmetric geometry. lon
Aal8) = 0, A(l[3) = 0 N type B beams are parallel at the point after two basic units.
CX2 A(x|a) = 0, Ala|x) = 0, A" @A) ® (A" @A) ) .
A(l]5) + 2A(X/8)A(a]5) = 0 N type The number of required conditions can be reduced
CX3 2A(X|x)A(aja) — 1 =0, (A~A)* O (A A) from four to three.
A(a|d) = 0, A(l[3) = 0 I type The final required conditions in the vertical direc-
tions are also classified in three cases expressed in
Table 4.

The final required conditions in the horizontal
directions are classified in three cases expressed in2.5.4. Plane symmetry of plane symmetric system:
Table 6. The type of CX1 is nothing but the system (A"A) (A" A)
connecting the type of LX1 in Table 2 with the plane The overall transfer matrix of this arrangement is
symmetric system of LX1. The type of CX2 is similar given in the following:

(AA(AA
BA(XX) AXl) Ala) Alala) + 1 AA(Xe) Al o) (2AXX) Ale]e) — 1) 0 0 0 AXX) A(Xe) Alafer) Aled|8) 0
AP AIRAN Alcle) = 1) BAN) A(Xa) Al Alaar) + 1 0 0 0 AP Ald) AN Alele) — 1) 0
0 0 A AYBABYABB +1  4AYBIABIBIRAYY ABIB) — 1) 0 0 0
= 0 0 A ABYRAYYABB) — 1 BANYAYBABY ABIE + 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
BAXX) Ala]8)(2AXX) Alala) — 1) 16A() A ) Alel) Alcdld) 0 0 Ally) 4A1(9) + BA(AND) + 2AX AN Ad) 1
(19)

The perfect focusing conditions are

[(A*A)~(A*A)](X]X) = BA(X|X) A(X| &) AlalX) Alala) + 1= =1
[(A*A)"(A*A)](X|a) = 4A(X|e) A(al@) (2A(X[X) A(ala) — 1) =0
[(A*A)"(A*A)](x|8) = BA(X|x) A(X|) A(a]a) A(a|8) = 0

[(A*A) " (A*A)](alx) = 4A(x]8) Ala|x) (2A(X[x) A(ala) — 1) = 0
[(A*A)~(A*A)](ala) = BA(X|X) A(X| @) Alalx) Alale) + 1= *1
[(A*A)~(A*A)](al8) = 4A(x|x) A(a]3)(2A(X|X) Aala) — 1) = 0
[(A*A)~(A*A)](yly) = 8A(YlY) AlyIB)A(BlY) A(BIB) + 1= =1 (20)
[(A*A)"(A*A)](y|B) = 4A(y|B) A(BIB)(2A(Yly) A(BIB) — 1) =0
[(A*A)~(A*A)](Bly) = 4A(yly) A(Bly) (2A(yly) A(BIB) — 1) = 0
[(A*A)"(A*A)](B[B) = 8A(Yly) A(yIB) A(BlY) A(BIB) + 1= *1
[(A*A) " (A*A)](1]x) = BA(X|x) A(a|8)(2A(X|x) A(a|a) — 1) = 0
[(A*A) " (A*A)](I]a) = 16A(X|x) A(X|a) Ala|a) A(a|8) = 0

[(A*A) " (A*A)(18) = 4A(I]8) + BA(a8)(A(X|8) + 2A(X|X) A(X|a) A(]8)) = 0
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Table 7
The perfect focusing conditions oA( A) (A~ A) geometry in
the horizontal direction

Type Required conditions Characteristics

DX1 A(X|x) = 0, A(a|a) = 0, A"OA) @A OA)
A(I]8) + 2A(X|8)A(a|8) = 0 N type

DX2 A(X|a) =0, A(alx) = 0, A @A) @A @A
A(a|8) = 0, A(l|8) = 0 N type

DX3 2A(X|x)A(ala) — 1 =0, (A"A)~ O (A™A)
A(a|8) = 0, A(l|8) = 0 | type

The final required conditions in horizontal direc-
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symmetrical systems consisting of two and four basic
units. It was shown that the multiple focusing can be
satisfied under few conditions by introducing symme-
try in the arrangement. In the case of the system
consisting of four basic units, the required conditions
can be reduced compared with the case of the system
consisting of only two basic units.
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